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The lecture presents:

» Overview of classical asymptotic structure of interacting
electrodynamics:

>

>

>

>

Invariant measure on null directions

Free electromagnetic fields:

representation, selection criteria, null asymptotes
Observability of infrared degrees and "memory effect"
Matter radiation system, timelike infinity

Spacelike tail and "matching property"

Dirac field, timelike infinity

Invariant structures and Poincaré transformations
"Large gauge transformation"

» A quantization scheme of this structure:

>

>

>

Quantum algebra
Representations
Quantum variables at spacial infinity



invariant measure on null directions
» future lightcone
Co={I|I-1=0,1°>0}.
» t — any future-pointing timelike, unit vector
Ci={leCy|t-1=1}
» f(I) — such that for each v > 0 there is f(y/) = v 2f(/)
dQ¢(/) —the angle measure on the unit sphere

f F(Nd2 % [ F(dQu(l)  t—independent
ct

» generators of Lorentz transformation, intrinsic differential
operators on the lightcone
def 0 0
Lop = b= — lp——
b= Bk o
then
fLabf(/) d?/ =0.



homogeneous Maxwell equations

» Fourier representation

A(x) = 1Je"""l‘e)(l() sgn(k%)5(k?)d*k

™

» reality, Lorenz condition and gauge transformation:

a(k) =—a(—k), k-a(k)=0, a(k)— a(k)+ kB(k)
» selection first step: finite energy-momentum
P2 = —fa(k). a(k) k? duo(k) .
» selection second step: Coulomb-like decay
A®(y) = lim MAQy),  y*<0

a*(k) = Ji@oua(uk) ;



» wRea(wl) — continuous
wlma(wl) — jumps by 2Im a*(/) at w =0

» “conservation law" (y2 < 0
y

. _l |maas(/) 2 as 2
)\IinOO/\A(X—i—)\y)—ﬂjy_l d/+fRea () 3(y - 1) d?1

» radiation potentials produced in scattering —
— long-range tails are even in y



integral representation

» denote (s € R, [ € C,, overdot= 0/0s)

. +w .
V(s,I) = —f wa(wl)e™"“* dw,

—0
Vips,pl) = p2V(s,1) (p>0), [-V(s,))=0.
» representation
1 . 5
Ax)=—— | V(x-1,1)d“l,
2

» gauge ' '
V(s, 1) — V(s, 1) + la(s, ]) .

» asymptotics

V(s, ) = —% Ima® (/) + O(|s| 7€) for |s| - 0.



null asymptotes
> . well-behaved null asymptotics:
Ima®*(/) =0

» choose V/(+00,/) =0
» denote V'(s, /) = —V/(s,l) + V(—, 1), so V'(—o0,/) =0
> then

V(—w,l) = V/'(+w,l) =27 Iimowa(w/) = 2ma*(/)

Jim RAy(x + RI) = Vy(x-1,1),
—00
lim RAp(x — RI) = Vj(x-1,1),
R—0o0

Jim RFap(x + RI) = LV(x - 1, 1) = Iy Va(x - 1, 1),
—00
) = ) —

Jim RFb(x — RI LV 10 = I, Vi(x - 1)
—00



no magnetic monopoles

» selection fourth step: spacial tail of electrical type

> then
L[ab VC](*OO, I) = L[abVé](JrOO’ /) =0

» it follows
3V (=00, 1) = Iy Va(—00, 1) = Layp®(/)

V(o0 o,
o) = f/_/ I

» gauge transformation
V(-oo,l) - V(—w0, ) + la(—00, 1),

o) — o) + ;- fa(—oo, I



"memory effect"

» test particle in free external field

b= afpbez)z. . z(0)=0

1 .. ..
Fap(x) = —%J{laVb(X-/, 1) — Iy Va(x - I, /)} ¢
» infrared limit

Ar(x) = ATAN ) A —> o

then Fa(x) = A2F(A1x)
energy content E=)\1€

— the field and its energy content tend to zero,
but the long-range tail is conserved



>

Inthelimit z >z, =20 =v

The only effect of scattering: trajectory shift by

5 — q IbVC(—oo, I — 1€ Vb(—oo, /)

2
—5L )P d°l v.

Shift completely determined by tail of the elmg field

Staruszkiewicz 1981: efect discovered for quantum particle in
semiclassical approximation



matter radiation system

» Maxwell equations
OA(x) = 4nd(x)
» currents stabilize in past and future
JOX) ~ A 3xp(x) for x*>0 and X — o,

» denote

Vy(s,I) = JJ(X) §(s — - x)d*x
» then Q = /- V/(s, /) and

lim RA™(x + RI) = V,(x-1,1)

R—o0

lim RAY (x — RI) = Vy(x - 1,1)

R—0



lim RA™(x — RI) = V,(—o0, /)

R—0

lim RA™Y(x + RI) = V (+o0,/)

R—00

» for A= ATt 4 AN — A2dv | Aout 5eqin
Rli_)moo RA(x+ Rl) = V(x-1,1), Rli_)n*loo RA(x—Rl) = V'(x- 1,1
but now
V(+oo,l) = Vy(+oo,l), V' (-0,l) = V,(—w,I),

— gauge invariant quantities in Lorenz class —
and

V(s, 1) + V'(s, 1) — Vy(s,1) = V/(+00,1) = V(~0,1).



“matching property”

» in consequence
V'(+o0,1) = V (-0, )

» related to the “conservation of spacelike tail” (y? < 0)
Rlim RA(x + Ry) = f V (=0, Ny - d?I
—00

» scattering qj, v\ — qj, vj, then

n’ / i
Vy(—o0,0) = N gl — V. N=Yq
J( w?) I_Zlql V/‘/’ J(+w7) gq V'I

li out / in / a / V/{ . Vi

2 i eo(™ (wl) = 3"(wh) = Dy = D e



free infrared singular fields

» IR singular: V(—o0,/) = 27rulji£10wa(wl) #0

» quantum theory: Fock space — only IR regular; coherent state
representations — fixed V/(—o0, /)

» ‘in" and ‘out’ cannot be simultaneously IR regular (or with the
same IR tail)

» phenomenological approach — set a minimal threshold for
photon energy, inclusive cross section etc. (YFS)

» dominating more fundamental approach — in addition to
Coulomb field attach rigidly ‘clouds’ of radiation to charged
particles so as to make rhs in the matching equation vanish

» if one wants to avoid this (charged particle carry their Coulomb
fields), then one needs a larger free electromagnetic fields
algebra (and its representations) including IR singular fields

» further constructions follow this idea



timelike infinity
» free Dirac field
i) = ()77 [ €7IMX VI Vo F(v) dl).
» timelike asymptote: for A — o0
Utree (£AV) ~ Fi A 32eFIMA+ T/ -vf(y)
» theorem For 1(x) in external potential in gauge
Au(x) = A(X)—0S(x), S(x) ~log VX2 x-A(x) for x*— o
there is v A (EAv) ~ A T1E and
Y(EAV) ~ FiIAF2eT (MAFT/AT Ve () for Ao o0,

» f, fy are gauge-invariant



invariant structures and Poincaré transformations

» symplectic form — admits IR singular fields

{Vi, Vo) = :J(\‘/l Vo — Vo - VI)(s, 1) dsd?l
m

» pre-Hilbert scalar product

(h,f) = fﬂ(m v h(v) dp(v)
» Poincaré generators

(raV)e(s, 1) = =L Ve(s, ), (paf)(v) = mvay - vF(v),
(napV)e(s, [) = —LapVe(s, 1) — geaVi(s, 1) + geb Va(s, 1),

(mapf)(v) = /(vaa/avb —vpd/ov + %[%,%]) F(v),



conserved quantities

» outgoing
PSUt = (f+’Paf+) + %{Vv rav}

Mgllalt = (f+7 maber) + %{Vv nabv}
— equal to similar incoming

» transformation
_ ie [ ()
g+(v) = exp (477] (v-1)2 d /> fi(v)

PO = (g, pags) + S{VO, VoMY,
M3 = (g4, mapgs) + 2{VO™, nyp VO

» g+ — particle together with its Coulomb field

gives

» further construction with the use of fields with clear physical
interpretation: total electromagnetic field V and charged
particle surrounded by its Coulomb field, g, = g



quantum algebra

» quantization: g — g9, V — V9
» smeared elements

V(g) = (g.8%), W(V)=exp[—i{V,V}]
» W(g) adds a particle and its Coulomb field
» algebra

W)W (V) = e 2tV Vol w4 va)
W(V)* = W(~V), W(0)=1,

[W(g1),V(g2)]+ =0, [V(g), V(g)"]+ = (g1.82)1,
W(V)V¥(g) = V(Seg)W (V)

where

(Sog)(v) = exp (i;rf (:D_(/,))Z d2/) g(v)




representations

» positive energy representations act in H = Hr @ H,

» HFr — Fock space for fermions, W(g) act in standard way on
Hpr, tensored with identity on H,

» H, — representation space of a positive, regular representation
W, (V) of the electromagnetic part of algebra
then
W(V) _ efi{V,Vq(+oo,.)} ® W,(V)

where

ev

VI(+0, ) = fnq(v)

vl



representations W, (V)

» these representations are not unique
» physically natural class obtained as follows

» start with non-regular vacuum state

exp {—;LO\’V(W,/)FCSJCJZ/] V(0,1) =0

0 V(0,1) #0

BW(V)) =

GNS construction — direct sum of coherent sectors labeled by
the shape of the long-range tail

» we need regular representation: integrate these coherent
sectors with some gaussian measure.
this gives a class of regular, positive energy representations,
in which there is no vacuum.

» photons may be added and subtracted from the background.



back to classical theory: other gauges

» A= A+ 0A, but we keep restriction

lim RAu(st + RI) = Vy(s, 1),
R—0
» it follows

Jim R(2pM)(st + RI) = Vi(s, 1) — Vip(s, 1)
—00

(scaling t -/ =1)



» Therefore

A(st + RI) =T (]) + s o(R™1)
and
(0N (st + RI) = %[v,j(/) + Iy (s, /)] +o(R7Y).

where
LV (1) = 1V (1) = Lape™ (1)
1 (/v
+ = 2
c (l)_47rj 9!
A(s, 1) = Be(s, ) —t- VT




» Then

» ¢7 and % independent of t, and
Vi(s, 1) = Vi(s, 1) + V, (1) + Iy (s, )
» up to Lorenz gauge:
Vi(s, 1) = Vi(s, 1) + V, (1)

— large gauge transformation (LGT)



LGT is not a gauge symmetry of the asymptotic structure:
» No equation in the bulk of Minkowski space

» Symplectic structure and angular momentum change:

(Wi, o} = {V1, Vo) + ;J[VY(’) CAVs() = V() - AVi(D] &2,
AV;(l) = Vi(—oo, ) — Vi(+w, 1),

%{\A/a nab\/\/} = %{V7 ”abv} + {Va nabv+} :



LGT is a physical transformation of the asymptotic state
» decompose V (s, /) into

Vi) = [ o) duty)

V(s,I) — V(+0,) = Vs, )

then
V(+o,l) = V(4,l) + V()
V(s, 1) = V(+m,1) = Voub(s, |)



» Theorem
For almost all V* (in appropriate sense) there exists the
representation

v

Vi) = [ 5o duty).

where p(v) is a smooth function of compact support on the
unit hyperboloid, and such that { p(v) du(v) = 0.

» Therefore

V(+o0, 1) = f Yt () + p(v)) dpu(v).

vl

» LGT adds an outgoing asymptotic, uncharged current to the
state



quantum variables at spacial infinity

» classically these are long-range tails labels V(—o0, /)

» quantum version V9(—o0, /) needs better specification to
make sense

» it needs smearing in /, thus we go to
U(VE) = exp {i f VE(l) - VI(—c0, ) d2/}
47 ’ ’

where V<(/) is a vector test function, homogeneous of degree
—1, and such that

Vi () = Ip V5 (1) = Lape(l)

for some (/) homogeneous of degree 0.

» despite smearing such elements are not defined in the algebra
because of the formal value —oo



» we split
VI(—o0,l) = VI(+o0, /) + [VI(—00,l) — VI(+00,])].

» first part due to the Coulomb fields of outgoing particles
in our representation has a well defined meaning

yCoul(ve) = exp{‘érjve(/)- VI (+ao, /) d2/}®id
= exp {i—e an(v) J \/‘/\/5/(/) dzldu(v)} ®id

s

= exp {;an(v) f 6(5//) 7)22/ d,u(v)} ®id




second part due to free ‘out'field
we expect to obtain the corresponding operator by some
limiting at the level of representation

let h(w /) be a smooth, fast vanishing for |w| — o0,

such that h(A Lo, ) = h(w ) (A >0), and h(O =

denote N
—|w]”th(w, 1)

2§ ulf=1h(u, 1) |2du

then for classical function V/(s,/):

V§(w, 1) = ve(l).

lim (V5.V} - —;fva(/) V(—o0, 1) — V (400, 1)] 1.

theorem strong limit exists:

Ufree Vve) = id li Wr Ve
(VF) = id® lim W,(V5)



quantum variables at infinity

» Coulomb + free variables
U(VE) = yCeul(ve) yfree(y/9)
» commutation relations
U(VEW (V) = eﬁg Ve(l) - Va(—oo, 1) d?1 W (V1) U(VF)
U(Vo)W(g1) = V(Sg1)U(VF),

» variables at infinity are conserved, so if the scattering operator
interpolates between ‘in’ and ‘out’ representations, then it
should hold

[U(VF),5] =0



transformation

U(VH) exp[—i{ V4, VIJU(VT)* = Ulree(v ). ufree(v)®
= exp[—i{V1, VI + VT}]

U(\/-i-)w(gl)u(v-i-)* _ UCOU1<V+)...UCOUI(V+)*
= W(S€+g1),

» second-kind-gauge invariant quantities nontrivially transformed
» addition of the asymptote V' of the Coulomb field of a
classical, charge-free current

» transformation of W(gy) is naturally interpreted as the
infrared-limit transformation
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